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Abstract
From the dynamical twisting of the classical r-matrix, we obtain a new Lax
operator for the elliptic Ruijsenaars-Schneider model (cf. Ruijsenaars’). The corre-
sponding r-matrix is shown to be the classical Zn-symmetric elliptic r-matrix, which
is the same as that obtained in the study of the nonrelativistic version—the An−1
Calogero-Moser model.
Mathematics Subject Classification : 70F10 , 70H33 , 81U10.
I Introduction
Following the successes of the Calogero-Moser (CM) models [1, 2], a relativistic general-
ization of the CM models— the so-called Ruijsenaars-Schneider (RS) models have been
proposed [3], which the intergrability has been conserved. The RS model describes a
completely integrable system of n one-dimensional interacting relativistic particles. Its
importance lies in the fact that it is related to the dynamics of solitons in some integrable
relativistic field theories[4, 5] and its discrete-time version has been connected with the
Bethe anstaz equation of the solvable lattice statistical model [6]. Recent development
was shown that it can be obtained by a Hamiltonian reducation of the cotangent bundle of
some Lie group [7], and can also be considered as the gauged WZW theory [8]. The study
of RS model would play an universal role in study of completely integrable multi-particle
systems. Among all type RS models, the elliptic RS model is the most general one and
the other type such as the rational, hyperbolic and trigonomettic type is just the various
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2degenerations of the elliptic one. In this paper, we shall study the elliptic An−1 type RS
model with generic n ( n > 2).
The Lax representation and its corresponding r-matrix structure for rational, hyper-
bolic and trigonometric An−1 type RS models were constructed by Avan et al [9]. The
Lax representation for the elliptic RS models was constructed by Ruijsenaars [10] , and
the corresponding r-matrix structure was given by Nijhoff et al [11] and Suris [12]. It
turns out that the r-matrix structure of the RS model is given in terms of a quadratic
Poisson-Lie bracket with dynamical r-matrices (i.e. the r-matrix depends upon the dy-
namical variables). Particularly, in contrast with the dynamical Yang-Baxter equation of
the r-matrix structure of the CM model, the generalized Yang-Baxter relations for the
quadratic Poisson-Lie bracket with a dynamical r-matrix is still an open problem [11].
Since the Poisson bracket of the Lax operator is no longer closed, the quantum version of
such classical L-operator has not been able to be constructed.
It is well-known that the Lax representation for a completely integrable models is not
unique. It has been recongized [13, 14] that the r-matrix of a model can be changed
drastically by the choice of Lax representation. In our former work [14], we succeeded
in constructing a new Lax operator (cf. Krichever’s [15]) for the elliptic An−1 CM model
and showing that the corresponding r-matrix is a nondynamical one, which is the classical
Zn-symmetric elliptic r-matrix [16, 14]. Very recently, we found a “good” Lax operator
for the elliptic RS model with a very special case n=2 [17]. In present paper, extending
our former work in [17], we construct a “good” Lax operator (in such a sense that it has
a nondynamical r-matrix structure) for the elliptic RS model with a general n (n > 2).
The paper is organized as follows. In section 2, we construct the dynamical twisting
relations of the classical r-matrix for the quadratic Poisson-Lie bracket. The condition
that the “ good” Lax representation could exist is found. In section 3, some briefly
reviews of Nijhoff et al ’s work on dynamical r-matrix of the elliptic RS model was given.
In section 4, we construct the “good” Lax representation for elliptic RS model with generic
n, and obtain the corresponding nondynamical r-matrix structure. The quantum version
L-operator of the Lax operator is constructed in section 5. Finally, we give summary and
discussions. Appendix contains some detailed calculations.
II The dynamical twisting of classical r-matrix
In this section we will give some general theories of the completely integrable finite par-
ticles systems.
A Lax pair (L,M) consists of two functions on the phase space of the system with
values in some Lie algebra g, such that the evolution equations may be written in the
following form
dL
dt
= [L,M ], (II.1)
where [, ] denotes the bracket in the Lie algebra g. The interest in the existence of such
a pair lies in the fact that it allows for an easy construction of conserved quantities
(integrals of motion). It follows that the adjoint-invariant quantities trLl (l = 1, ..., n)
are the integrals of the motion. In order to implement Liouville theorem onto this set
of possible action variables we need them to be Poisson-commuting. As shown in [13],
the commutativity of the integrals trLl of the Lax operator can be deuced from that the
fundamental Poisson bracket {L1(u), L2(v)} could be represented in the linear commutator
3form
{L1(u), L2(v)} = [r12(u, v), L1(u)]− [r21(v, u), L2(v)], (II.2)
or quadratic form [18]
{L1(u), L2(v)} = L1(u)L2(v)r−12(u, v)− r+21(v, u)L1(u)L2(v)
+ L1(u)s
+
12(u, v)L2(v)− L2(v)s−12(u, v)L1(u), (II.3)
where we have used the notation
L1 ≡ L⊗ 1 , L2 ≡ 1⊗ L , a21 = Pa12P,
and P is the permutation operator such that Px⊗ y = y ⊗ x.
The dynamical twisting of the linear Poisson-Lie bracket (II.2) was studied in the
[14] (we refer therein) and also studied by Babelon et al [13]. We are to inverstigate the
general dynamical twisting of the quadratic Poisson-Lie bracket (II.3).
In order to define a consistent Poisson bracket, one should impose some constraints
on the r-matrices. The skew-symmetry of Poisson bracket require that
r±21(v, u) = −r±12(u, v) , s+21(v, u) = s−12(u, v), (II.4)
r+12(u, v)− s+12(u, v) = r−12(u, v)− s−12(u, v). (II.5)
As for the numerical r-matrices r±(u, v), s±(u, v) case, some constraints condition (suffi-
cient conidtion) imposed on the r-matrices to make Jacobi identity satisfied, was given
by Freidel et al [18]. However, generally speaking, the Jacobi identity for the dynamical
r-matrices r±(u, v), s±(u, v) would take a very complicated form.
It should be remarked that such a classification (from dynamical and nondynamical
r-matrix structure) is by no means unique, which drastically depend on the Lax represen-
tation which one choose for a system. Therefore, there is no one-to-one correspondence
between a given dynamical system and a defined r-matrix. The same dynamical system
may have several Lax representations and several r-matrix [14]. The different Lax repre-
sentation of a system is conjugated each other. Namely, if (
∼
L,
∼
M) is one of other Lax pair
of the same dynamical system conjugated with the old one (L,M), it means that
∼
L (u) = g(u)L(u)g
−1(u),
∼
M (u) = g(u)M(u)g
−1(u)− ( d
dt
g(u))g−1(u), (II.6)
where g(u) ∈ G whose Lie algebra is g. Then, we have
Proposition 1. The Lax pair (
∼
L,
∼
M) has the following r-matrix structure
{∼L1 (u),
∼
L2 (v)} =
∼
L1 (u)
∼
L2 (v)
∼
r
−
12 (u, v)−
∼
r
+
21 (v, u)
∼
L1 (u)
∼
L2 (v)
+
∼
L1 (u)
∼
s
+
12 (u, v)
∼
L2 (v)−
∼
L2 (v)
∼
s
−
12 (u, v)
∼
L1 (u), (II.7)
where
∼
r
−
12 (u, v) = g1(u)g2(v)r
−
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆12 (u, v)+
∼
∆21 (v, u),
∼
r
+
12 (u, v) = g1(u)g2(v)r
+
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆
(1)
12 (u, v)+
∼
∆
(1)
21 (v, u),
∼
s
+
12 (u, v) = g1(u)g2(v)s
+
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆21 (v, u)−
∼
∆
(1)
12 (u, v),
∼
s
−
12 (u, v) = g1(u)g2(v)s
−
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆12 (u, v)−
∼
∆
(1)
21 (v, u),
∼
∆12 (u, v) =
∼
L
−1
2 (v)∆12(u, v),
∼
∆
(1)
12 (u, v) = ∆12(u, v)
∼
L
−1
2 (v),
∆12(u, v) = +
1
2
[{g1(u), g2(v)}g−11 (u)g−12 (v), g2(v)L2(v)g−12 (v)]
×g2(v){g1(u), L2(v)}g−11 (u)g−12 (v)
4and the properties of (II.4) and (II.5) are conserved
∼
r
±
21 (v, u) = −
∼
r
±
12 (u, v) ,
∼
s
+
21 (v, u) =
∼
s
−
12 (u, v),
∼
r
+
12 (u, v)−
∼
s
+
12 (u, v) =
∼
r
−
12 (u, v)−
∼
s
−
12 (u, v).
Proof: The proof is direct substituting (II.6) into the fundamental Poisson bracket (II.3)
and use the following identity
[[a12, L1], L2] = [[a12, L2], L1] .
where a12 is any matrix on g ⊗ g. ✷
It can be seen that: I. The Lax operator L(u) is transfered as a similarity transfor-
mation from the different Lax representation; II. The corresponding M is undergone the
usual gauge transformation; III. The r-matrices are transfered as some generalized gauge
transformation, which can be considered as the generalized classical version of the dy-
namically twisting relation of the quantum R-matrix [19]. Therefore, it is of great value
to find a “good” Lax representation for a system if it exists, in which the corresponding
r-matrices are all nondynamical ones and r+12(u, v) = r
−
12(u, v) , s
±
12(u, v) = 0. In this
special case, the corresponding Poisson-Lie bracket becomes the Sklyanin bracket and the
well-studied theories [20, 21] can be directly applied in the system.
Corollary 1. For given Lax pair (L,M) and the corresponding r-matrices, if there exist
g(u) satisfied
g1(u)g2(v)s
+
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆21 (v, u)−
∼
∆
(1)
12 (u, v) = 0,
g1(u)g2(v)s
−
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆12 (u, v)−
∼
∆
(1)
21 (v, u) = 0, (II.8)
∂qih12 = ∂pjh12 = 0, (II.9)
where
h12(u, v) = g1(u)g2(v)r
−
12(u, v)g
−1
1 (u)g
−1
2 (v)−
∼
∆12 (u, v)+
∼
∆21 (v, u)
≡ g1(u)g2(v)r+12(u, v)g−11 (u)g−12 (v)−
∼
∆
(1)
12 (u, v)+
∼
∆
(1)
21 (v, u), (II.10)
the nondynamical Lax representation with Sklyanin Poisson-Lie Bracket of the system
would exist.
The main purpose of this paper is to find a “good” Lax representation for the elliptic RS
model with generic n (n > 2).
III Review of elliptic RS model
We first define some elliptic functions
θ(j)(u) = θ
[
1
2
− j
n
1
2
]
(u, nτ), σ(u) = θ
[
1
2
1
2
]
(u, τ), (III.11)
θ
[
a
b
]
(u, τ) =
∞∑
m=−∞
exp{√−1pi[(m+ a)2τ + 2(m+ a)(z + b)]},
θ′(j)(u) = ∂u{θ(j)(u)} , σ′(u) = ∂u{σ(u)}, ξ(u) = ∂u{lnσ(u)}, (III.12)
5where τ is a complex number with Im(τ) > 0.
The Ruijsenaars-Schneider model is the system of n one-dimensional relativistic parti-
cles interacting by the two-body potential. In terms of the canonical variables pi, qi (i =
1, ...n) enjoying in the canonical Poisson bracket
{pi, pj} = 0, {qi, qj} = 0, {qi, pj} = δij ,
the Hamiltonian of the system is expressed as [10]
H = mc2
n∑
j=1
coshpj
∏
k 6=j
{
σ(qjk + γ)σ(qjk − γ)
σ2(qjk)
} 1
2
, qjk = qj − qk. (III.13)
Here, m denotes the particle mass, c denotes the speed of light, γ is the coupling constant.
The Hamiltonian (III.13) is known to be completely integrable. The most effective way
to show its integrability is to construct the Lax representation for the system (namely, to
find the classical Lax operator). One L-operator for the elliptic RS model was given by
Ruijsenaars [10]
LR(u)
i
j =
epjσ(γ + u+ qji)
σ(γ + qji)σ(u)
n∏
k 6=j
{
σ(qjk + γ)σ(qjk − γ)
σ2(qjk)
} 1
2
, i, j = 1, ..., n. (III.14)
Alternatively, we adopt another Lax operator
∼
LR, which is similar to that of Nijhoff et al
in [11]
∼
LR (u)
i
j =
epjσ(γ + u+ qji)
σ(u)σ(γ + qji
∏
k 6=j
σ(γ + qjk)
σ(qjk)
. (III.15)
The relation of
∼
LR with the standard Ruijsenaars’ LR(u) can be obtained from a Poisson
map (or a canonical transformation)
qi −→ qi , pi −→ pi + 1
2
ln
∏
k 6=i
σ(qik + γ)
σ(qik − γ) . (III.16)
Proposition 2. The map defined in (III.16) is a Poisson map.
Proof: The proposition 2 can be proven from considering the symplectic two-form
∑
i
d(pi +
1
2
ln
∏
k 6=i
σ(qik + γ)
σ(qik − γ)) ∧ dqi
=
∑
i
dpi ∧ dqi − 1
2
∑
k 6=i
(
σ′(qik + γ)
σ(qik + γ)
− σ
′(qik − γ)
σ(qik − γ) )dqk ∧ dqi
=
∑
i
dpi ∧ dqi − 1
2
∑
k<i
{(σ
′(qik + γ)
σ(qik + γ)
+
σ′(qik − γ)
σ(qik − γ) )− (
σ′(qik − γ)
σ(qik − γ) +
σ′(qik + γ)
σ(qik + γ)
)}dqk ∧ dqi
=
∑
i
dpi ∧ dqi,
where we have used the property that the elliptic function σ(u) is an odd function with
regard to argument u. ✷
It is well-known that the Poisson bracket is invariant under the Poisson map. Hence
the study of the r-matrix structure for the standard Ruijsenaars Lax operator LR(u) is
equivalent to that of Lax operator
∼
LR (u).
6Following the work of Nijhoff et al [11], the fundamental Poisson bracket of the Lax
operator
∼
LR (u) can be given in the following quadratic r-matrix form with a dynamical
r-matrices
{∼LR (u)1,
∼
LR (v)2} =
∼
LR (u)1
∼
LR (v)2r
−
12(u, v)− r+21(v, u)
∼
LR (u)1
∼
LR (v)2
+
∼
LR (u)1s
+
12(u, v)
∼
LR (v)2−
∼
LR (v)2s
−
12(u, v)
∼
LR (u)1, (III.17)
where
r−12(u, v) = a12(u, v)− s12(u) + s21(v), r+12(u, v) = a12(u, v) + u+12 + u−12,
s+12(u, v) = s12(u) + u
+
12, s
−
12(u, v) = s21(v)− u−12,
and
a12(u, v) = r
0
12(u, v) +
∑
i=1
ξ(u− v)eii ⊗ eii +
∑
i 6=j
ξ(qij)eii ⊗ ejj ,
r012(u, v) =
∑
i 6=j
σ(qij + u− v)
σ(qij)σ(u− v)eij ⊗ eji, s12(u) =
∑
i,j
(∼
LR (u)∂γ
∼
LR (u)
)i
j
eij ⊗ ejj,
u±12 =
∑
i,j
ξ(qji ± γ)eii ⊗ ejj .
The matrix element of eij is equal to (eij)
l
k = δilδjk. It can be checked that the following
symmetric condition hold for the r-matrices r±12(u, v) and s
±
12(u, v)
r±21(v, u) = −r±12(u, v) , s+21(v, u) = s−12(u, v), (III.18)
r+12(u, v)− s+12(u, v) = r−12(u, v)− s−12(u, v). (III.19)
The classical r-matrices r±12(u, v), s
±
12(u, v) are of dynamical ones (i.e the matrix element
of theirs do depend upon the dynamical variables qi). The quadratic Poisson bracket
(III.17) and the symmetric conditions of (III.18)-(III.19) lead to the evolution integrals
tr(
∼
LR (u))
l.
Due to the r-matrices depending on the dynamical variables, the Poisson bracket of
∼
LR (u) is no longer closed . The complexity of the r-matrices (III.17) results in that it is
still an open problem to check the generalized Yang-Baxter relations for the RS model.
Moreover, the quantum version of the algebric relation (III.17) is still not found. The
same situation also occurs for the standard Lax operator LR(u) , and the corresponding
r-matrices was given by Suris [12].
IV The “good” Lax representaion of elliptic RS model
and its r-matrix
The L-operator of the elliptic RS model given by Ruijsenaars LR(u) in (III.14) (or its Pois-
son equivalent counterpart
∼
LR (u) in (III.15)) and corresponding r-matrix r12(u, v) given
by Suris [12] (or given by Nijhoff et al [11] ) leads to some difficulties in the investigation
of the RS model. This motivates us to find a “good” Lax representation of the RS model.
As see from proposition 1 and corollary 1 in section II, this means to find g(u) which sat-
isfies (II.8)—(II.9). In our former work [17], we have succeeded in find such a g(u) for the
elliptic RS model with a special case n = 2. Fortunately, we could also find such a g(u)
7for the elliptic RS model with a generic n (n > 2) (This kind L-operator does not always
exist for general completely integrable system). The fundamental Poisson bracket of this
new L-operator L(u) would be expressed in the Sklyanin Poisson-Lie bracket form with a
numeric r-matrix. The corresponding r-matrix is the classical Zn-symmetric r-matrix in
[14]. Namely, the elliptic RS and the corresponding non-relativistic version—the elliptic
An−1 CM model [14] are governed by the exact same r-matrix (cf.[12]) in some gauge. In
order to compare with the L-operator given by Ruijsenaars LR(u) and its Poisson equiv-
alence
∼
LR (u), we call this L-operator as the new Lax operator (alternatively, a “good”
Lax operator).
Set an n⊗ n matrix A(u; q)
A(u; q)ij ≡ A(u; q1, q2, ..., qn)ij = θ(i)(u+ nqj −
n∑
k=1
qk +
n− 1
2
). (IV.20)
We remark that A(u, q)ij correspond to the interwiner function ϕ
(i)
j between the Zn-
symmetric Belavin model and the A
(1)
n−1 face model [22] in [23].
Define
g(u) = A(u; q)Λ(q), Λ(q)ij = hi(q)δ
i
j,
hi(q) ≡ hi(q1, ...., qn) = 1∏
l 6=i σ(qil)
.
Let us construct the new Lax operator L(u)
L(u) = g(u)
∼
LR (u)g
−1(u). (IV.21)
It will turn out that such a Lax operator L(u) give a “good” Lax representation for the
elliptic RS model. This is our main results of this paper. To recover this, let us express
the “good” Lax operator L(u) more explicitly.
Proposition 3. The Lax operator L(u) can be rewritten in the factorized form
L(u)ij =
n∑
k=1
1
σ(γ)
A(u+ nγ; q)ikA
−1(u; q)kje
pk , i, j = 1, 2, ..., n. (IV.22)
Proof: First, let us introduce a matrix T (u) with matrix elements
T (u)ij =
∑
k
epjA−1(u; q)ikA(u+ nγ; q)
k
j .
From the definition of A(u; q)ij and the determinant formula of Vandermonde type [23]
det[θ(j)(uk)] = Const.× σ( 1
n
∑
k
uk − n− 1
2
)
∏
1≤j<k≤n
σ(
uk − uj
n
), (IV.23)
where the Const. does not depend upon {uk}, we have
∑
k
A−1(u; q)ikA(u+ nγ; q)
k
j =
σ(γ + u+ qji)
σ(u)
∏
k 6=i
σ(γ + qjk)
σ(qik)
.
8Namely,
T (u)ij =
epjσ(γ + u+ qji)
σ(u)
∏
k 6=i
σ(γ + qjk)
σ(qik)
=
1∏
k 6=i σ(qik)
epjσ(γ + u+ qji)σ(γ)σ(u)σ(γ + qji)
∏
k 6=j
σ(γ + qjk)
σ(qjk)
 ∏
k 6=j
σ(qjk).
Then, we obtain
1
σ(γ)
∑
k
A(u+ nγ; q)ikA
−1(u; q)kje
pk
=
1
σ(γ)
∑
m,l
A(u; q)imT
m
l (u)A
−1(u; q)lj
=
∑
m,l
A(u; q)im∏
k 6=m σ(qmk)
e−plσ(γ + u+ qlm)σ(u)σ(γ + qlm)
∏
k 6=l
σ(γ + qlk)
σ(qlk)
A−1(u; q)lj∏
k 6=l
σ(qlk)
=
∑
m,l
g(u)im
∼
LR (u)
m
l g
−1(u)lj ≡ L(u)ij ✷
Let us consider the non-relativistic limit of our Lax operator L(u). First, rescale the
monenta {pi}, the coupling constant γ and the Lax operator L(u) as follows [11]
pi := −βp′i , nγ := βs , L(u) := σ(
βs
n
)L′(u), (IV.24)
where p′i is the conjugated monenta of qi in the CM model.
Then the non-relativistic limit is obtained by taking β −→ 0, we have the following
asympotic properties
L′(u)ij = δ
i
j − β(
∑
k
{A(u; q)ikA−1(u; q)kjp′k − s∂u(A(u; q)ik)A−1(u; q)kj}) + 0(β2).
If we make the canonical transformation
p′i −→ p′i −
s
n
∂
∂qi
lnM(q), M(q) =
∏
i<j
σ(qij),
we obtain the “good” Lax operator of the elliptic An−1 CM model in [14]
LCM (u)
i
j = − lim
β→0
L′(u)ij − δij
β
|p′
i
−→p′
i
− s
n
∂
∂qi
lnM(q). (IV.25)
Now, we have a position to calculate the r-matrix structure of the “good” Lax operator
L(u) for the elliptic RS model. From proposition 3 and through the straightforward
calculation, we have the main theorem of this paper:
Theorem 1. (Main Theorem) The fundamental Poisson bracket of L(u) can be given in
the quadratic Poisson-Lie form with a nondynamical r-matrix (or Sklyanin bracket)
{L1(u), L2(v)} = [r12(u− v), L1(u)L2(v)], (IV.26)
9where the numeric r-matrix r12(u) is the classical Zn-symmetric r-matrix [14]
rlkij (v) =
 (1− δli) θ
′(0)(0)θ(i−j)(v)
θ(l−j)(v)θ(i−l)(0)
+ δliδ
k
j (
θ
′(i−j)(v)
θ(i−j)(v)
− σ′(v)
σ(v)
) if i+ j = l + k mod n
0 otherwise
.(IV.27)
Remark: I. The elliptic RS and CM model are governed by the exact same nondynamical
r-matrix in the sepcial Lax representation.
II. It was shown in [14] that such a Zn-symmetric r-matrix satisfies the nondy-
namical classical Yang-Baxter equation
[r12(v1 − v2), r13(v1 − v3)] + [r12(v1 − v2), r23(v2 − v3)] + [r13(v1 − v3), r23(v2 − v3)] = 0,
and enjoys in the antisymmetric properties
− r21(−v) = r12(v). (IV.28)
Moreover, the r-matrix r12(u) also enjoys in the Zn ⊗ Zn symmetry
r12(v) = (a⊗ a)r12(v)(a⊗ a)−1 , for a = g, h, (IV.29)
where the n× n matrices h, g are defined in section 5.
Corollary 2. The Lax operator LCM(u) of the elliptic An−1 CM model in (IV.25) satisfies
the nondynamcial linear Poisson-Lie bracket
{LCM(u)1, LCM(v)2} = [r12(u− v), LCM(u)1 + LCM(v)2]. (IV.30)
The direct proof that such a “good” (classical) Lax operator LCM(u) of the elliptic An−1
CM model satisfies (IV.30) was given in [14].
V The quantum L-oprator for the elliptic quantum
RS model
In this section, we will construct the quantum L-operator for the quantum elliptic RS
model, which satisfies the nondynamical “RLL=LLR” relation.
We first introduce the elliptic Zn-symmetric quantum R-matrix related to Zn-symmetric
Belavin model, which is the quantum version of the classical Zn-symmetric r-matrix de-
fined in (IV.27).
We define n× n matrices h, g and Iα by
hij = δi+1,jmodn, gij = ω
iδi,j, Iα1,α2 ≡ Iα = gα2hα1 ,
where α1, α2 ∈ Zn and ω = exp(2pi
√−1
n
). Define the Zn-symmetric Belavin’s R-matrix
[24, 22, 23]
Rlkij (v) =
 θ
′(0)(0)σ(v)σ(
√−1h¯)
σ′(0)θ(0)(v)σ(v+
√−1h¯)
θ(0)(v)θ(i−j)(v+
√−1h¯)
θ(i−l)(
√−1h¯)θ(l−j)(v) if i+ j = l + k mod n
0 otherwise
, (V.31)
where h¯ is the Planck’s constant and
√−1h¯ is usually called as the crossing parameter
of the R-matrix. We remark that our R-matrix coincide with the usual one in [23] up
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to a scalar factor θ
′(0)(0)σ(v)
σ′(0)θ(0)(v)
∏n−1
j=1
θ(j)(v)
θ(j)(0)
, which is to make (V.34) satisfied. The R-matrix
satisfies quantum Yang-Baxter equation (QYBE)
R12(v1 − v2)R13(v1 − v3)R23(v2 − v3) = R23(v2 − v3)R13(v1 − v3)R12(v1 − v2). (V.32)
Moreover, the R-matrix enjoys in following Zn ⊗ Zn symmetric properties
R12(v) = (a⊗ a)R12(v)(a⊗ a)−1, for a = g, h. (V.33)
The Zn-symmetric r-matrix has the following relation with its quantum counterpart
R12(v)|h¯=0 = 1⊗ 1,
R12(v) = 1⊗ 1 +
√−1h¯r12(v) + 0(h¯2) , when h¯ −→ 0. (V.34)
Now , we construct the quantum version of L-operator L(u). The usual canonical
quantization proceduce reads
pj −→ p̂j = −
√−1h¯ ∂
∂qj
, qj −→ qj , j = 1, ...., n.
Then, the corresponding quantum L-operator L̂(u) consequently reads
L̂(u)ml =
1
σ(γ)
n∑
k=1
A(u+ nγ; q)mk A
−1(u; q)kl e
p̂k
=
1
σ(γ)
n∑
k=1
A(u+ nγ; q)mk A
−1(u; q)kl e
−√−1h¯ ∂
∂qk . (V.35)
It should be remarked that such a quantum L-operator is just the factorized difference
representation for the elliptic L-operator [23]. So, we have
Theorem 2. ([23, 26, 25]) The quantum L-operator L̂(u) defined in (V.35) satisfies
R12(u− v)L̂1(u)L̂2(v) = L̂2(v)L̂1(u)R12(u− v), (V.36)
and R12(u) is the Zn-symmetric R-matrix.
The proof of Theorem 2. was given by Hou et al in [23], by Quano et al in [26], by
Hasegawa in [25], through the face-vertex corresponding relations independently. The
direct proof was also given in [27].
From the quantum L-operator L̂(u) and the fundamental relation RLL = LLR,
Hasegawa constructed the skew-symmetric fusion of L̂(u) and succeded in relating them
with the elliptic type Macdonald operator in [25], which is actually equivalent to the
quantum Ruijsenaar’s operators.
VI Discussions
In this paper, we only consider the most general RS model—the elliptic RS model. Such
a nondynamical r-matrix structure should exist for the degenerated case: the rational,
hyperbolic and trigonometric RS model.
From the results of the [25, 28], when the coupling constanst γ√−1h¯ = nonegative in-
terger, the corresponding quantum L-operator L̂(u) have finite dimensional represenation.
This means that the states of quantum RS model should degenerate in this special case.
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Appendix. The proof of Theorem 1.
In this appendix, we give the proof of Theorem 1, which is the main result of this paper.
Lemma 1. The classical L-operator L(u) for the elliptic RS model satisfies the following
algebraic relations
[r12(u− v), L1(u)L2(v)]ρδαβ
=
∑
i,j
{A(u+ nγ; q)ρiA−1(v; q)iαepi
∂
∂qi
(A(v + nγ; q)δjA
−1(v; q)jβ)e
pj
−A(v + nγ; q)δiA−1(v; q)iβepi
∂
∂qi
(A(u+ nγ; q)ρjA
−1(u; q)jα)e
pj}.
Proof : Let us introduce the difference operators {D̂j}
D̂j = e
−√−1h¯ ∂
∂qj and D̂jf(q) = f(q1, .., qj−1, qj −
√−1h¯, qj+1, ..., qn).
Define
T (i, j)ρδαβ =

∑
ρ′,δ′ R(u− v)ρδρ′δ′A(u+ nγ; q)ρ
′
i A
−1(u; q)iαD̂i(A(v + nγ; q)
δ′
i A
−1(v; q)iβ), if i = j
∑
ρ′,δ′ R(u− v)ρδρ′δ′{A(u+ nγ; q)ρ
′
i A
−1(u; q)iαD̂i(A(v + nγ; q)
δ′
j A
−1(v; q)jβ)
+A(u+ nγ; q)ρ
′
j A
−1(u; q)jαD̂j(A(v + nγ; q)
δ′
i A
−1(v; q)iβ)}, if i 6= j
,
and
G(i, j)ρδαβ =

∑
ρ′,δ′ R(u− v)ρ
′δ′
αβ A(v + nγ; q)
δ
iA
−1(v; q)iδ′D̂i(A(u+ nγ; q)
ρ
iA
−1(u; q)iρ′), if i = j
∑
ρ′,δ′ R(u− v)ρ
′δ′
αβ {A(v + nγ; q)δiA−1(v; q)iδ′D̂i(A(u+ nγ; q)ρjA−1(u; q)jρ′)
+A(v + nγ; q)δjA
−1(v; q)jδ′D̂j(A(u+ nγ; q)
ρ
iA
−1(u; q)iρ′), if i 6= j
.
The quantum L-operator L̂(u) satisfying the “RLL = LLR” relation results in
T (i, j)ρδαβ = G(i, j)
ρδ
αβ. (VI.37)
Considering the asympotic properties when h¯ −→ 0
R12(u) = 1 +
√−1h¯r12(u) + 0(h¯2),
D̂j = 1−
√−1h¯ ∂
∂qj
+ 0(h¯2),
we have
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I. if i = j
T (i, j)ρδαβ ≡ T (0)(i, j)ρδαβ +
√−1h¯T (1)(i, j)ρδαβ + 0(h¯2)
= A(u+ nγ; q)ρiA
−1(u; q)iαA(v + nγ; q)
δ
iA
−1(v; q)iβ
+
√−1h¯∑
ρ′,δ′
r(u− v)ρδρ′δ′A(u+ nγ; q)ρ
′
i A
−1(u; q)iαA(v + nγ; q)
δ′
i A
−1(v; q)iβ
−√−1h¯A(u+ nγ; q)ρiA−1(u; q)iα
∂
∂qi
(A(v + nγ; q)δiA
−1(v; q)iβ) + 0(h¯
2).
II. if i 6= j
T (i, j)ρδαβ ≡ T (0)(i, j)ρδαβ +
√−1h¯T (1)(i, j)ρδαβ + 0(h¯2)
= A(u+ nγ; q)ρiA
−1(u; q)iαA(v + nγ; q)
δ
jA
−1(v; q)jβ
+ A(u+ nγ; q)ρjA
−1(u; q)jαA(v + nγ; q)
δ
iA
−1(v; q)iβ
+
√−1h¯∑
ρ′,δ′
r(u− v)ρδρ′δ′{A(u+ nγ; q)ρ
′
i A
−1(u; q)iαA(v + nγ; q)
δ′
j A
−1(v; q)jβ
+ A(u+ nγ; q)ρ
′
j A
−1(u; q)jαA(v + nγ; q)
δ′
i A
−1(v; q)iβ}
− √−1h¯{A(u+ nγ; q)ρiA−1(u; q)iα
∂
∂qi
(A(v + nγ; q)δjA
−1(v; q)jβ)
+ A(u+ nγ; q)ρjA
−1(u; q)jα
∂
∂qj
(A(v + nγ; q)δiA
−1(v; q)iβ)}+ 0(h¯2).
III. if i = j
G(i, j)ρδαβ ≡ G(0)(i, j)ρδαβ +
√−1h¯G(1)(i, j)ρδαβ + 0(h¯2)
= A(u+ nγ; q)ρiA
−1(u; q)iαA(v + nγ; q)
δ
iA
−1(v; q)iβ
+
√−1h¯∑
ρ′,δ′
r(u− v)ρ′δ′αβ A(v + nγ; q)δiA−1(v; q)iδ′A(u+ nγ; q)ρiA−1(u; q)iρ′
−√−1h¯A(v + nγ; q)δiA−1(v; q)iβ
∂
∂qi
(A(u+ nγ; q)ρiA
−1(u; q)iα) + 0(h¯
2).
IV. if i 6= j
G(i, j)ρδαβ ≡ G(0)(i, j)ρδαβ +
√−1h¯G(1)(i, j)ρδαβ + 0(h¯2)
= A(u+ nγ; q)ρiA
−1(u; q)iαA(v + nγ; q)
δ
jA
−1(v; q)jβ
+ A(u+ nγ; q)ρjA
−1(u; q)jαA(v + nγ; q)
δ
iA
−1(v; q)iβ
+
√−1h¯∑
ρ′,δ′
r(u− v)ρ′δ′αβ {A(v + nγ; q)δiA−1(v; q)iδ′A(u+ nγ; q)ρjA−1(u; q)jρ′
+ A(v + nγ; q)δjA
−1(v; q)jδ′A(u+ nγ; q)
ρ
iA
−1(u; q)iρ′}
− √−1h¯{A(v + nγ; q)δiA−1(v; q)iβ
∂
∂qi
(A(u+ nγ; q)ρjA
−1(u; q)jα)
+ A(v + nγ; q)δjA
−1(v; q)jβ
∂
∂qj
(A(u+ nγ; q)ρiA
−1(u; q)iα)}+ 0(h¯2).
Noting (VI.37) and considering the term of the first order with regard to h¯, we have
T (1)(i, j)ρδαβ = G
(1)(i, j)ρδαβ. (VI.38)
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Multiplying by epi+pj from the both sider of (VI.38) and sum up for i and j, we have∑
i,j
T (1)(i, j)ρδαβe
piepj =
∑
i,j
G(1)(i, j)ρδαβe
piepj .
Due to the commutativity of {epj} , we obtain∑
ρ′,δ′,i,j
{r(u− v)ρδρ′δ′{A(u+ nγ; q)ρ
′
i A
−1(u; q)iαe
piA(v + nγ; q)δ
′
j A
−1(v; q)jβe
pj
−r(u− v)ρ′δ′αβ A(v + nγ; q)δiA−1(v; q)iδ′epiA(u+ nγ; q)ρjA−1(u; q)jρ′epj}
=
∑
i,j
{A(u+ nγ; q)ρiA−1(v; q)iαepi
∂
∂qi
(A(v + nγ; q)δjA
−1(v; q)jβ)e
pj
−A(v + nγ; q)δiA−1(v; q)iβepi
∂
∂qi
(A(u+ nγ; q)ρjA
−1(u; q)jα)e
pj}.
Namely, we have
[r12(u− v), L1(u)L2(v)]ρδαβ
=
∑
i,j
{A(u+ nγ; q)ρiA−1(v; q)iαepi
∂
∂qi
(A(v + nγ; q)δjA
−1(v; q)jβ)e
pj
−A(v + nγ; q)δiA−1(v; q)iβepi
∂
∂qi
(A(u+ nγ; q)ρjA
−1(u; q)jα)e
pj}. ✷
Now, we have a position to calculate the fundamental Poisson bracket of L(u)
{L1(u), L2(v)}ρδαβ = {L(u)ρα, L(v)δβ}
= {∑
i
A(u+ nγ; q)ρiA
−1(u; q)iαe
pi ,
∑
j
A(v + nγ; q)δjA
−1(v; q)jβe
pj}
=
∑
i,j
{A(u+ nγ; q)ρiA−1(u; q)iαepi
∂
∂qi
(A(v + nγ; q)δjA
−1(v; q)jβ)e
pj}
−A(v + nγ; q)δiA−1(v; q)iβepi
∂
∂qi
(A(u+ nγ; q)ρjA
−1(u; q)jα)e
pj}
= [r12(u− v), L1(u)L2(v)]ρδαβ.
We have used the Lemma 1 in the last equation. Thus, we have
{L1(u), L2(v)} = [r12(u− v), L1(u)L2(v)].
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